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We present a mathematical analysis of a spacetime discontinuous Galerkin (SDG) method for systems of
nonlinear hyperbolic conservation laws (described by Palaniappan et al. elsewhere in this proceedings).
The method is motivated by the physical properties of such systems, and can be used on either structured
or unstructured spacetime grids. When the mesh satisfies a certain causality cone constraint, a direct
element-by-element solution procedure is possible. The mathematical analysis is complicated by the fact
that the SDG formulation does not include any stabilization terms, by its spacetime format, and by the
nonlinearity of the flux function; many of the techniques used to analyze other discontinuous Galerkin
methods are not applicable here.

In view of these analytical challenges, we introduce some simplifying assumptions. First, we restrict our
attention to systems of two equations whose shock and rarefaction wave curves coincide, as introduced by
Temple in [1], and we assume that all element interfaces satisfy the causality cone constraint. Further,
we assume that the spatial fluxes are Lipschitz continuous and that the discrete Galerkin space consists
of piecewise constant polynomials. Under these assumptions, we show that an approximate SDG solution
exists and that it is unique; this ensures that the SDG method is well-defined. The key step in the
convergence proof is to show that the Riemann invariants of the approximate solution on each spacetime
element are bounded from below and above by the Riemann invariants of the element’s inflow data.
This result implies the TVD (total variation diminishing) property. As a consequence, the sequence of
approximate solutions is precompact, and a convergent subsequence can be extracted. We use this finding
to show that the SDG method converges to a weak continuum solution of the Temple system.

Following the solution of a Riemann problem for Temple class systems in [2], we describe a possible
generalization of our analysis to the case in which the spacetime mesh contains some coupling boundaries
that do not satisfy the cone constraint and across which conservation is defined in terms of the physical
Godunov fluxes.
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